The Asymptotic Safety hypothesis states that the high-energy completion of gravity is provided by an interacting renormalization group fixed point. This implies nontrivial quantum corrections to the scaling dimensions of operators and correlation functions which are characteristic for the corresponding universality class. We use the composite operator formalism for the effective average action to derive an analytic expression for the scaling dimension of an infinite family of geometric operators d d x √ gR n . We demonstrate that the anomalous dimensions interpolate continuously between their fixed point value and zero when evaluated along renormalization group trajectories approximating classical general relativity at low energy. Thus classical geometry emerges when quantum fluctuations are integrated out. We also compare our results to the stability properties of the interacting renormalization group fixed point projected to f (R)-gravity, showing that the composite operator formalism in the single-operator approximation cannot be used to reliably determine the number of relevant parameters of the theory.
Introduction
Quantum fluctuations of spacetime play a central role in understanding physics at trans-Planckian energy E E Planck 10 18 GeV. It is expected that a description of spacetime in this domain requires a yet to be completed theory of quantum gravity. An interesting scenario, which may allow to reconcile gravity with the laws of a relativistic quantum field theory, arises when the quantum fluctuations balance the canonical mass-dimensions of the coupling constants. In this way one may achieve a theory where the dimensionless couplings attain constant and finite values at trans-Planckian energies. As a consequence physical quantities like scattering amplitudes would be free from unphysical ultraviolet (UV) divergences. This scenario has been termed Asymptotic Safety [1, 2] , also see [3, 4] for pedagogical introductions.
At the technical level Asymptotic Safety is realized through a non-Gaussian fixed point (NGFP) of the gravitational renormalization group (RG) flow. Starting from the seminal work [5] , functional renormalization group equations (FRGEs) [5] [6] [7] have produced substantial evidence that gravity indeed possesses a suitable NGFP. This comprises the demonstration that the NGFP seen in four spacetime dimensions is the analytic continuation of the perturbative fixed point seen in 2 + spacetime dimensions [8] , studies of the gravitational RG flow based on the Einstein-Hilbert truncation [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , and its extension by higher-derivative and higher-order curvature terms [21, also including the notorious Goroff-Sagnotti two-loop counterterm [49] , the construction of fixed functions including an infinite number of coupling constants [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] , the computation of correlation functions retaining arbitrary momentum dependence [64] [65] [66] [67] [68] [69] [70] [71] , and the form factor program recently initiated in [72, 73] . As a key result, these works indicate that the NGFP comes with substantial predictive power. 1 Complementary, Monte Carlo simulations of the gravitational partition function within the Causal Dynamical Triangulation program [86, 87] have provided strong evidence for the existence of second order phase transitions [88] [89] [90] [91] . It is tempting to speculate that these are the imprints of the NGFP seen by the functional renormalization group tailored to foliated spacetimes [75, [92] [93] [94] [95] [96] [97] .
The existence of a NGFP controlling the high-energy behavior of gravity (or any other completion of the gravitational force laws at microscopic scales) raises the intriguing question how to characterize the properties of spacetime in the quantum regime. A first step in this direction has been based on generalized dimensions including the spectral dimension, Hausdorff dimension, or walk dimension [98] [99] [100] . By now, the spectral dimension d s associated with the short-distance properties of spacetime has been computed in many quantum gravity programs [101] with the rather spectacular outcome that even vastly different approaches coincide in the prediction that d s = 2 on microscopic scales. A more refined characterization could then be based on the anomalous scaling dimension of geometric operators comprising for instance, the volumes of spacetime, volumes of surfaces embedded into spacetime, the geodesic length, or correlation functions of fields separated by a fixed geodesic distance [25, [102] [103] [104] . For instance [25] computed the anomalous dimension γ 0 associated with the d-dimensional volume operator O 0 = d d x √ g. At the NGFP in four dimensions this anomalous dimension turned out to be γ * 0 | d=4 = 3.986 which was taken as a pointer that "spacetime could me much more empty than one would naively expect" [25] . Recently, a similar analysis for Stelle gravity has been reported in [105] .
The goal of the present work is to extend the computation of the anomalous dimension of the volume operator to an infinite family of geometric operators given by the integral of n powers of the Ricci scalar R
These operators can then either be defined with the integral covering the entire spacetime or a local patch. In the later case, diffeomorphism invariance requires adding suitable boundary terms akin to the Gibbons-Hawking term which are not important for the present discussion though. Our computation of the anomalous scaling dimensions follows the strategy advocated in [25] amd utilizes the composite operator formalism based on the effective average action 1 Notably, NGFPs similar to the one encountered in the case of gravity also appear in many phenomenologically interesting gravity-matter systems, see [68, 70, 71, [74] [75] [76] [77] [78] [79] [80] for recent results and [81] for a review. For recent discussions related to fundamental aspects of Asymptotic Safety we refer to [82] [83] [84] [85] .
[115-117] 2 , cf. eq. (2.29). The key strength of the formalism is that it allows to compute the scaling of geometric operators which are not part of the effective average action. Practically, we then approximate the (regulated) propagators by the Einstein-Hilbert result [3] [4] [5] and chose the geometric operators O n (1.1). Our main result is the general formula (3.10) giving a closed expression for the anomalous scaling in any dimension d. Notably, this is the first time that information on an infinite number of scaling exponents is given.
Our work comes with a three-fold motivation. First, the anomalous dimensions can be used to characterize the universality class associated with the NGFP in terms of properties of geometric operators. In particular, given the anomalous dimension associated with two (or more) geometric operators in the family (1.1) allows to eliminate the coarse graining scale k. Suppose that O n scales according to O n ∝ k dn+γn where d n and γ n are the canonical mass dimension of the operator and γ n its anomalous scaling, respectively. Singling out one specific reference operator (characterized by one fixed value n), this relation can be solved for k. Substituting the result into the scaling equation for the other operators leads to new scaling exponents defined with respect to the scaling of the reference operator. For example, selecting the reference operator to be the volume operator O 0 gives
Clearly, the γ n determine the new scaling exponents. This turns out to be useful when comparing to lattice simulations where the scaling ratio of two operators O 0 and O n may be accessed more easily than the coarse graining scale k. Secondly, the recent proposal [106, 107] for measuring the Ricci curvature on piecewise linear geometries resulting from the Causal Dynamical Triangulation program may allow to determine the value of the scaling exponents (1.2) from Monte Carlo simulations.
Thirdly, the scaling of operators within the class (1.1) has been investigated in detail by solving the Wetterich equation [5] [6] [7] 108] for gravitational actions of the form Γ grav
√ gf k (R) with f k (R) an arbitrary, scale-dependent function of the Ricci scalar [31, 32, 43, 51-53, 55-59, 61, 77, 80, 109-114] . Thus the class (1.1) allows a direct comparison of the scaling properties found from analyzing the flow equation projected to f (R)-gravity and the composite operator formalism based on the Einstein-Hilbert action. The remaining work is organized as follows. Sect. 2 provides a concise review of the background material, introducing the Wetterich equation, its solution based on the Einstein-Hilbert truncation, and the composite operator formalism. The computation of the anomalous dimensions for the geometric operators (1.1) is carried out in Sect. 3 and we discuss our findings in Sect. 4. Technical details on the computation of the operator traces have been relegated to A while some useful commutator identities on a background d-sphere are collected in B.
Renormalization group flows and composite operators
We start by reviewing the Wetterich equation, its approximate solution given by the Einstein-Hilbert truncation and the composite operator formalism. Our discussion follows [4] for which we also refer for more details.
Wetterich equation and the Einstein-Hilbert truncation
An important tool for studying Asymptotic Safety is the Wetterich equation for the effective average action Γ k [5-7, 108]
Here k denotes the coarse graining scale, Γ
k is the second functional derivative of Γ k with respect to the fluctuation fields, and Tr comprises a sum over fluctuation fields and an integral over loop-momenta. The infrared regulator R k provides a k-dependent mass term for fluctuations with momentum p 2 k 2 and vanishes for p 2 k 2 . As a consequence, the trace argument is peaked at momenta p 2 ≈ k 2 . Lowering k unsuppresses further fluctuation modes, which are then integrated out. As a consequence the functional renormalization group equation (FRGE) (2.1) implements Wilson's idea of renormalization by capturing the change of Γ k when an infinitesimal shell of fluctuation modes with momentum p 2 ≈ k 2 is integrated out. Its solutions interpolate between the bare action for k → ∞ and the effective action Γ ≡ Γ k=0 , provided that the corresponding limits exist.
An important property of the FRGE is that it permits constructing approximate solutions without having to rely on a small expansion parameter. The key idea is to formally expand Γ k in terms of interaction monomials multiplied by scale-dependent couplingsū i (k),
Restricting the sum to a finite set, i = 1, . . . , N , substituting the resulting truncation of Γ k into the FRGE, and projecting the resulting equation onto the interaction monomials contained in the ansatz gives rise to a set of equations k∂ kūi (k) =βū i ({ū j }, k). Introducing dimensionless couplings u i (k) ≡ k −d iū i (k), where d i denotes the mass-dimension of the dimensionful couplingū i (k), the flow can be recast in terms of the autonomous beta functions
By definition, a fixed point {u * i } is a point where all beta functions vanish simultaneously,
The flow in the vicinity of such a fixed point is conveniently studied by linearizing the system (2.3)
The eigenvalues λ i of the stability matrix B i j determine whether the renormalization group flow approaches (Reλ i < 0) or is repelled from (Reλ i > 0) the fixed point along the corresponding eigendirection as k → ∞. Depending on whether the eigenvalues agree with the canonical dimension or receive quantum corrections one distinguishes between a Gaussian fixed point (GFP) or a non-Gaussian fixed point (NFGP). Notably, the eigenvalues of the stability matrix B i j are invariant when redefining the couplings (coordinates) parameterizing the action functionals (2.2) . This can be seen as follows. Consider a redefinition of the dimensionless couplings u i = u i (u j ). Under this change the beta functions transform as a vector field
At a generic point u, the partial derivative B i j (u) = ∂ ∂u j β u i then transforms according to
At the fixed point β u i (u * ) = 0 and the second term on the right-hand side vanishes. As a consequence B i j (u * ) and B i j (u * ) are related by a similarity transformation, ensuring that their eigenvalues agree. Clearly, this property only holds for the eigenvalues and does not apply to the entries of the stability matrix.
The Einstein-Hilbert truncation
The arguably simplest projection of the Wetterich equation (2.1) in the context of gravity approximates Γ k by the Einstein-Hilbert action supplemented by suitable gauge-fixing and ghost terms
This ansatz retains two scale-dependent couplings, Newton's coupling G k and the cosmological constant Λ k and has been studied in detail [5, 8, 9, 11, 12] . Following [5] , the beta functions resulting from this ansatz are found as follows. First, we apply a linear split of the spacetime metric g µν into a background metricḡ µν and fluctuations h µν
In order to simplify the computation, we choose the background metric to be the metric on the d-dimensional sphere, entailing that
Covariant derivatives and curvature tensors constructed fromḡ µν are denoted with a bar. Subsequently, we chose harmonic gauge where
Neglecting terms containing the fluctuation field h µν , which are not required for the present computation, the ghost action for this gauge condition reads
where ∆ ≡ −ḡ µνD µDν . By decomposing the fluctuations into their trace and traceless part
the propagators for the metric fluctuations can be cast into block-diagonal form
The result for the ghost sector can be found in [4, 5] , but is not needed here. The regulator R k must provide a k-dependent mass term for fluctuations with (generalized) momentum smaller than k 2 . We construct the matrix R k from the substitution rule for a Type I cutoff [121] , ∆ → ∆ + R k (∆). The resulting regulator is block-diagonal in field space. Its components in the gravitational sector are then given by
being a dimensionless profile function interpolating between lim z→∞ R (0) (z) = 0 and R (0) (0) = 1. When presenting numerical results, we will work with the Litim regulator [122, 123] ,
where Θ(x) denotes the stepfunction. The beta functions governing the change of G k and Λ k when successively integrating out fluctuations are found by substituting the ansatz (2.8) into the Wetterich equation (2.1) and projecting the flow onto the interaction monomials d d x √ḡ and d d x √ḡR . This computation can be carried out rather straightforwardly by applying the early-time expansion of the heat-kernel along the lines [121] . The result is conveniently expressed in terms of the dimensionless couplings
and reads
The explicit expressions for β λ and the anomalous dimension of the Newton coupling η N ≡ (G k ) −1 ∂ t G k have been computed in [5] and read 20) and
The dimensionless threshold functions Φ p n (w) and Φ p n (w) are defined as 
For later convenience we also introduce the combination
The system (2.19) possesses a GFP situated at the origin {g * , λ * } = 0. In addition one also finds a NGFP. For the regulator (2.17) the later is situated at
(2.26)
Evaluating the stability matrix (2.5) at these NGFPs yields
The B i j are neither symmetric nor "almost diagonal" in the sense that the off-diagonal elements are small compared to the diagonal ones. The computation of the eigenvalues is straightforward and yields
Thus, in both cases, the NGFP constitutes a spiraling UV-attractor which captures RG trajectories in its vicinity in the limit k → ∞. The existence and qualitative properties of the NGFP are stable with respect to changes in the regulator [8, 24] . The system (2.19) is conveniently solved numerically. A solution of specific interest is the one which connects the NGFP at large values of k and the GFP for k → 0. For d = 4 this solution is shown in Fig. 1 . As its characteristic feature, the value of Newton's constant, G 0 ≡ lim k→0 G k , is a free constant while the comological constant Λ 0 ≡ lim k→0 Λ k = 0 vanishes. We will evaluate the anomalous dimensions γ n along this solution later on.
Composite operator formalism
The key virtue of the composite operator formalism is that it allows computing the anomalous dimension of generic operators O which are not part of the ansatz made for the effective average action Γ k . Following the exposition [25] , we now explain the main steps leading to the master equation
As starting point, consider the expectation value of an operator O, constructed from a suitably gauge-fixed and regulated partition function. Symbolically, (2.32)
Since J and ϕ are independent of the source , this definition entails
The generalization of this construction to the effective average action is then straightforward. Including the new source in Γ k [ϕ; ] and taking the variation of the Wetterich equation (2.1) with respect to the source yields [25, [118] [119] [120] 
Thus the scale-dependence of the operator O is determined by a single operator insertion of O (2) into the loop building the right-hand side of the Wetterich equation. We now recast (2.34) into a more practical form, by first introducing a set of kdependent operators [O k ] i , i = 1, . . . , N , which we relate to the effective average action by
It is then convenient to express the scale-dependent [O k ] i in terms of a k-independent basis
Here the matrix Z ij (k) is reminiscent of a wave-function renormalization associated with the operators O j . This suggests to define the (matrix-valued) anomalous dimension of the set of operators according to 
(2.38)
Restricting the set {O i } to a single operator O, this relation simplifies to the master equation (2.29). In the next section, we use this equation as the starting point for computing the anomalous dimension of the geometric operators (1.1).
The anomalous scaling dimension of geometric operators
In this section we utilize the composite operator equation (2.29) to compute the anomalous dimensions γ n associated with the geometric operators (1.1). Our main result is derived in subsection 3.1, the resulting characterization of the NGFP and the emergence of classical geometry are discussed in subsection 3.2, and we conclude with a comparison to results obtained from f (R)-type truncations in subsection 3.3.
Computing the anomalous dimension γ n
The goal of this subsection is to evaluate (2.29) for the class of geometric operators given in eq. (1.1). The propagators are approximated by the Einstein-Hilbert action and given in eq. (2.14). We start by expanding O n in terms of fluctuations in the background (2.10). The term quadratic in h µν is
Since the gravitational propagators and regulators are diagonal once h µν is decomposed into its traceless and trace-part, the off-diagonal term containing h and h µν does not contribute in the computation of the anomalous dimension. Thus the two relevant matrix elements of O
n are 
4)
Here
denotes the unit on the space of traceless symmetric matrices and symmetrization is with unit strength (αβ) = (αβ + βα)/2. The coefficients c S i (d, n) and c T i (d, n) are
At this stage, all ingredients to construct (2.29) for the geometric operators (1.1) are available. The block-diagonal form of the regulator R k , eq. (2.16), entails that the trace over fluctuation fields decomposes into a sum of the scalar and tensor fluctuations
The operator-valued functions W T (∆) and W S (∆) are functions of the Laplacian and contain the propagators and regulators of the corresponding sectors 
The traces (3.7) are then readily evaluated using the early-time heat-kernel in combination with Laplace-transform techniques. We provide the technical details of this computation in A. From the structure of the operator insertions, one infers that the anomalous dimensions γ n are second order polynomials in n
(3.10)
The coefficients A i depend on the dimensionless couplings g, λ as well as the dimension of spacetime d. They are conveniently given in terms of the threshold functions q p n ≡ q p n (−2λ) defined in eq. (2.25):
The d-dependent coefficients entering A 1 (λ) and A 2 (λ) are
, (3.12) together with d 2 2 = −d 2 1 . This formula constitutes our main result. For n = 0 it is in agreement with the earlier derivation of the anomalous scaling dimension of the spacetime volume [25] .
The anomalous dimension on the g-λ-plane
The central property of eq. (3.10) is that it assigns values γ n , n = 0, 1, 2, · · · , to every point on the λ-g-plane. Remarkably, this assignment is independent of any specific solution of the flow equation (2.19) . The dependence on λ and g is inherited from the parametric form of the gravitational propagators without reference to a RG flow.
It is then straightforward to evaluate this map at specific points in the λ-g-plane. At the GFP, (λ, g) = (0, 0), the vanishing of g entails that all anomalous dimensions are zero GFP:
γ n = 0 , ∀ n, d . This set of characteristic numbers earmarks the quantum spacetime associated with the non-Gaussian fixed points. From (3.10), it is clear that the n-dependence of the anomalous dimensions is given by second-order polynomials in n. For d = 3 and d = 4, these polynomials are shown in Figure 2 . The γ n are positive for n = 0 only. For n ≥ 1 the anomalous dimension turns out to be negative. Surprisingly, the numerical coefficients multiplying the n 2 -terms are comparatively small, so that γ n essentially follows a linear behavior. The linear and quadratic terms have equal values for n 49 (d = 4) (n 12 for d = 3). This gives a good indication where deviations from the linear behavior set in. For d = 3 and d = 4 the value of the anomalous dimensions γ 0 , γ 1 and γ 2 for positive values of Newton's coupling g are illustrated in Figure 3 . As a key feature, we observe that all γ n diverge at the locus where η N becomes infinite, c.f. Figure 1 . For values λ smaller than this singular line, we have γ 0 ≥ 0 while the higher-order values of n yield γ 1 , γ 2 , · · · ≤ 0. Fig. 3 also indicates the position of the fixed points (black dots) as well as the RG trajectory connecting them (black line). The "flow" of γ n along this trajectory is displayed in Fig. 4 . The figure illustrates the cross-over behavior of the γ n : when k is larger than the crossover scale k 0 (t > 0) the geometry is characterized by the nontrivial scaling of the geometric operators dictated by the fixed point relations (3.14) . At k = 0 all quantum effects vanish and one recovers a classical geometry. The RG flow then interpolates between these two regimes. We close this subsection by illustrating the implications of our main result (3.10) for the redefined scaling exponents (1.2). For concreteness we chose the reference operator as the spacetime volume and focus on the specific combinatioñ 15) in d = 4 dimensions. We stress that (3.10) allows for the easy construction of any scaling ratio in arbitrary dimension d though. The values ofγ 1 at the NGFP (2.26) and the GFP areγ
The later is determined completely from the classical scaling dimensions of the operators O n and follows from (3.15) by using that the anomalous dimensions vanish at the GFP. The value ofγ 1 as a function of g and λ is illustrated in Fig. 5 . The figure indicates thatγ 1 differs appreciably from its classical value for λ 0.2 only. Remarkably, its value remains finite at the locus where η N exhibits a divergence. The bottom of the valley runs close to (but does not agree with) this singular locus. For λ = 1/2,γ 1 diverges. This divergence is caused by the graviton propagators derived from the Einstein-Hilbert action (2.14) which are singular at this line.
Comparison to the polynomial f (R)-truncation
At this stage, it is instructive to compare the results (3.14) to the ones obtained from solving the Wetterich equation (2.1) projected onto gravitational actions of f (R)-type [31, 32, 51] . Performing a polynomial expansion of f (R) N n=0ū n R n , the eigenvalues of the stability matrix (2.5) have been determined for successively increasing values N = 6 [31, 32] , N = 8 [121] , N = 35 [40, 41] , and lately also N = 71 [113] . Building on previous investigations [40, 41] , ref. [113] reported that for large values of n the real parts of the eigenvalues λ n follow an almost Gaussian behavior λ f (R) n ≈ a n − b , (3.17) where the best-fit values for the parameters a and b are a = 2.042 ± 0.002 , b = 2.91 ± 0.05 . (3.18) In order to connect the results (3.17) and (3.14) we follow the strategy outlined in [25] . Consider an ansatz for the effective average action,
where we have singled out one specific (k-independent) operator O and introduced a dimensionless control parameter . Substituting this ansatz into the Wetterich equation (2.1) and considering the equation resulting at order gives
(3.20)
Assuming that O has a canonical mass dimension [O] = −d u , we can re-expressū in terms of the corresponding dimensionless coupling u =ū k −du
The trace appearing on the right-hand side is the one entering into the defining equation for the anomalous dimension of the operator O, eq. (2.29). Thus, we arrive at the simple equation
where γ u and d u are independent of u. Recalling the definitions ∂ t u = β u and B uu = ∂βu ∂u , then leads to a simple relation between the diagonal matrix element of the stability matrix and the anomalous dimension of O: Notably, the B nn are negative for all values n. The corresponding polynomials are illustrated in Figure 6 . The comparison with (3.17) furthermore shows that there is no relation between the B nn and the eigenvalues of the stability matrix. This is a strong indication that the eigenvalues of the later are actually fixed by the off-diagonal terms in B i j which can not be accessed from the single-operator approximation employed in (2.29) . While the difference between (3.24) and (3.17) is not a contradiction, it still indicates that the composite operator formalism in this simple implementation is not able to determine the number of relevant directions at the NGFP. We will come back to this point at the end of the next section.
Summary and discussion
The characterization of fluctuating geometries is one of the central open problems in quantum gravity research. Its importance can hardly be understated since ultimately this avenue may allow comparing predictions from currently distinct approaches to quantum gravity. 3 In this work, we took an important next step in this direction by computing the anomalous scaling dimension of an infinite number of geometric operators. It is expected that Monte Carlo simulations (e.g., within the framework of Causal Dynamical Triangulations [86, 87] ) these quantities is able to access these quantities more easily than, e.g., the critical exponents associated with the non-Gaussian fixed point underlying Asymptotic Safety.
The main result of our work is the relation (3.10). This formula assigns an infinite set of anomalous scaling dimensions γ n to every point in the g-λ-plane. Notably this assignment is independent of any specific renormalization group trajectory or the existence of a fixed point. The values of γ n characterizing the non-Gaussian fixed points are found by evaluating this map at the location of the fixed point {λ * , g * }. Given an (approximate) solution of the Wetterich equation as, e.g., the one shown in Fig. 1 , allows to trace the change in the anomalous dimensions when integrating out quantum fluctuations. For renormalization group trajectory connecting the non-Gaussian fixed point to the classical low-energy regime all anomalous dimensions vanish as k → 0. This serves as a strong indicator that one recovers a classical geometry at low energy.
A rather remarkable feature of the map (3.10) is that it does not change in the presence of matter fields. This follows from the observation that the geometric operators (1.1) do not couple to matter sectors contained in Γ k . Nevertheless, non-Gaussian fixed points associated to specific gravity-matter systems will come with their own characteristic set of anomalous dimensions: the matter content shifts the position of the non-Gaussian fixed point in the g-λ-plane, so that the map is evaluated at different values (λ * , g * ).
At this point the following critical remark is in order. In this work we explicitly demonstrated that the composite operator formalism based on the effective average action allows to derive analytic results for the anomalous scaling dimension of an infinite class of geometric operators. The comparison to similar results based on the stability matrix obtained by solving the Wetterich equation for f (R)-gravity showed that the anomalous dimensions are unrelated to the eigenvalues of the stability matrix. Hence our result can not be used to estimate the number of relevant parameters associated with the non-Gaussian fixed point. This is not a contradiction though and the reason can be understood rather easily. Inspecting the composite operator equation (2.29) , one finds that the operators (1.1) are not eigenoperators of the equation. In fact, expanding the right-hand side obtained for the operator O n = d d x √ gR n , n ≥ 2 on a spherical symmetric background generates an infinite tower of operators O n−2 , O n−1 , · · · . Thus the eigenoperators are linear combinations of the O n involving an infinite number of terms. It is then clear that the composite operator equation in its one-dimensional approximation determines the diagonal matrix elements of the stability matrix only. In order to determine its eigenvalues knowledge about the offdiagonal terms is required. The example provided by the Einstein-Hilbert truncation given in eq. (2.27) indicates that these terms provide a significant contribution and can not be ignored when determining the relevant parameters of the non-Gaussian fixed point. Thus applying the composite operator formalism to determine the relevant parameters requires a priori knowledge on the basis of geometric operators which diagonalize the operator trace on its right-hand side. The present result can be understood as a first step in this direction, illustrating that such a computation is actually feasible (at least on a spherically symmetric background). We leave this investigation for future work though.
A Computing traces with non-minimal operator insertions
The evaluation of the operator traces (3.7) is most conveniently done by applying the early-time expansion of the heat-kernel in combination with Laplace-transform techniques [4, 121] . The underlying technical details are collected in this appendix.
A.1 Early-time heat-kernel and Mellin transforms
Inspecting the arguments of the traces appearing in eq. (3.7) one finds that they already contain at least n − 2 powers of the background curvatureR. When performing the projection onto the geometric operators (1.1), it suffices to have the early-time expansion of the heat-kernel for scalars (S) to second order in the curvature while for traceless tensors (T) and transverse vectors (VT) the result to first order is sufficient. Evaluating the general expression [128] for the spherically symmetric background (2.10) yields
where "i" labels the type of field the Laplacian acts on and the dots represent higherorder curvature terms which do not enter in the present computation. The coefficients a i n required in the computation are listed in Table 1 . The heat-kernel formula (A.1) is readily generalized to functions of the Laplacian [4, 121] 
− − Table 1 . Heat-kernel coefficients for scalars (S), traceless symmetric matrices (T), and transverse vectors (TV) on a background d-sphere [11] . The dash − indicates that the corresponding coefficient is not entering into the present computation.
For n > 0, the Q-functionals are given by the Mellin-transform of W (z),
A.2 Computing the master traces
We now compute the operator traces determining the anomalous dimension of the geometric operators (1.1). We start with the scalar sector and subsequently determine the minimal and non-minimal contributions from the traceless fluctuations. All dimensionless threshold functions are evaluated at −2λ and we suppress the argument in order to lighten the notation, i.e. q p n ≡ q p n (−2λ). Scalar traces. The scalar contribution is contained in the three master traces
Here |Rn indicates that only terms containing n-powers of the background scalar curvature are relevant for the computation. Abbreviating
we get
Tensor traces I -minimal terms. Inspecting the terms proportional to 1 in eq. (3.3), the relevant master traces in the tensor sector are
Following the computation in the scalar sector, these evaluate to
Tensor traces II -non-minimal terms. In addition to the traces over Laplacian-valued functions (A.8), the tensor sector gives rise to two additional traces including operator insertions of non-Laplace type
(A.10)
Owed to the zero-modes associated with the operator insertion the computation of the traces is slightly more involved. We start by further decomposing the fluctuation field h µν into its transverse-traceless part h TT µν , a transverse vector ξ µ and a scalar σ [37, 129] 
where the component fields are subject to the differential constraints
The Jacobian associated with the field redefinition (A.11) can be set to one by redefining the fields according to
Performing the transverse-traceless decomposition at the level of the traces, the operators O
(2),nm n h h µν αβ annihilate the terms including the transverse-traceless part of the fluctuation field. Furthermore, the non-minimal traces (A.10) reduce to traces involving Laplace-type operators only. Explicitly, the transverse-traceless decomposition of T T 2 yields
where the prime denotes a derivative with respect to the argument and terms of order R 2 are dropped. Evaluating the terms at orderR using the early-time expansion of the heat-kernel the relevant contribution stemming from T T 2 is
Note that the derivatives of W T can be converted to standard q-functionals by performing a partial integration within the Q-functional. The transverse-traceless decomposition of T T 3 results in
where we dropped terms of orderR 3 . Labeling the contribution in the first, second, and third line by T T 3a , T T 3b , and T T 3c , respectively, we note the following intermediate results
(A. 17) where we display the terms at the relevant order ofR. Adding these terms gives the final result for T T 3 : 
B Commutator relations on the d-sphere
Evaluating the traces including a non-minimal operator insertion requires commuting covariant derivatives with functions of the Laplacian. The structure of (3.7) indicates that it suffices to evaluate the commutator relations up to order R 2 . The relevant formulas are given in App. A of Ref. [37] and we include them here for completeness. Assuming that the function W (∆) can be represented by an (inverse) Laplace-transform, one readily proofs where the right-hand side is exact up to terms containing derivatives of the curvature tensor and terms involving three curvature tensors. The derivation of (A.14) and (A.16) based on (B.1) then uses the following commutator relations, valid on a background d-sphere
Here h µν is symbolic for any traceless, symmetric tensor. Using (B.2), it is also straightforward to evaluate the double-commutator 
